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Abstract:  Corbino-geometry has well-known applications in physics, as in the design 
of graphene heterostructures for detecting fractional quantum Hall states or 
superconducting waveguides for illustrating circuit quantum electrodynamics. Here, we 
propose and demonstrate a photonic Kagome lattice in the Corbino-geometry that leads 
to direct observation of non-contractible loop states protected by real-space topology. 
Such states represent the “missing” flatband eigenmodes, manifested as one-
dimensional loops winding around a torus, or lines infinitely extending to the entire 
flatband lattice. In finite (truncated) Kagome lattices, however, line states cannot 
preserve as they are no longer the eigenmodes, in sharp contrast to the case of Lieb 
lattices. Using a continuous-wave laser writing technique, we experimentally establish 
finite Kagome lattices with desired cutting edges, as well as in the Corbino-geometry 
to eliminate edge effects. We thereby observe, for the first time to our knowledge, the 
robust boundary modes exhibiting self-healing properties, and the localized modes 
along toroidal direction as a direct manifestation of the non-contractible loop states. 
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Flat band (FB) systems have attracted considerable interest in many different branches 
of physics in the past decade, providing a flexible platform for studying fundamental 
phenomena associated with completely dispersionless bands within the whole Brillouin 
zone [1-11]. Engineered FB structures have now been realized in a variety of physical 
systems [12], ranging from photonic waveguide arrays [13-22] to synthetic atomic 
lattices [23, 24], and from metamaterials [25] to cavity polaritons [26], enabling 
exploration of fundamental effects such as Anderson localization, fractional quantum 
Hall states, superconductivity and superfluidity, and gap solitons. Recently, flat bands 
have also been experimentally accomplished in realistic materials forming electronic 
Lieb and Kagome lattices [27, 28]. 
The Kagome lattice, essentially a two-dimensional (2D) counterpart of the 
“pyrochlore” structure [Fig. 1(a)], has served as a prototypical FB model. This lattice 
has a dispersionless FB touching a dispersive band in momentum space [Fig. 1(b)], and 
thus can support compact localized states (CLSs) when hopping is limited to nearest 
neighbors [12]. The CLSs, as demonstrated in several experiments with photonic Lieb 
lattices [14, 15, 18], are linearly dependent so they do not form a complete basis for the 
FB [22]. The missing states are related to the band touching at the conical intersection, 
which, as argued by Bergman et al. [29], is protected by real-space topology in a sense 
that the touching is protected and can only be removed by perturbations that also 
destroy the FB. The missing states can be manifested as eigenstates whose support is 
extended along non-contractible loops winding around the entire (toroidal) lattice 
structure with periodic boundary conditions – the so-called non-contractible loop states 
(NLSs). Although the Kagome lattice has been the focus of numerous studies [30-36], 
to our best knowledge, the NLSs originally proposed for the Kagome lattice have never 
been realized, as it is not feasible to have an infinite lattice in experiment. Recently, 
line states (LSs) accounting for the missing states from the FB eigenstates have been 
observed in a finite Lieb lattice with appropriate open boundaries [22]. These line states, 
independent from linear superpositions of conventional bulk CLSs [37], can be 
considered as an indirect illustration of the NLSs. Naively, one would think that such 
line states, localized in one direction but infinitely extended in the other [Fig. 1(c)], 
should also exist in a finite-sized Kagome lattice. However, as we shall show in this 
work, these unconventional FB states can manifest dramatical differences in the FB 
lattices of different topological structures, leading to a new understanding of the 
fundamental origin of the NLSs as unique topological entities [38]. 
In this paper, we demonstrate that a straight-line state cannot be the FB eigenmode 
in finite Kagome lattices regardless of the lattice edges, in contrast to the case of Lieb 
lattices. As such, we propose and realize alternative ways to observe the NLSs. Firstly, 
we demonstrate that the Kagome lattices with desired “cutting” edges, written in a 
nonlinear crystal with a continuous-wave (cw) laser, can support robust boundary 
modes (RBMs) arising from the NLSs due to bulk-edge correspondence [38]. We 
observe that such RBMs can preserve during propagation and possess “self-healing” 
features against perturbation in either initial phase or amplitude, as corroborated by 
numerical simulations. Secondly, we propose and demonstrate a new method for direct 
observation of the NLS in a Kagome lattice annularly-shaped in a Corbino-geometry. 
Although a torus geometry with periodicities along two directions [Fig. 1(d)] is difficult 
to be realized in real systems, one can still preserve the periodicity at least along one 
direction by making the Corbino-geometry. (Similar geometry has been employed 
recently for designing graphene heterostructures and superconducting waveguides [39-
41]). By applying such a geometry to the Kagome lattice, we observe evidently the 
“bulk” modes along the toroidal direction as a direct manifestation of the NLSs. 
As depicted in Fig. 1(a), the Kagome lattice has three lattice sites (A, B, and C) per 
unit cell [see black dashed hexagon in Fig. 1(a)], and every lattice site has four nearest 
neighbors. For our modeling and experiment, the Kagome structure is in the transverse 
x-y plane, and it remains invariant along the longitudinal z-direction. To excite a 
particular FB state, a modulated probe beam is sent to propagate though the lattice along 
the z-direction. As well established already in literature [12-19], light propagation in a 
photonic lattice in the paraxial approximation is described by a Schrödinger equation: 𝜕"𝜓(𝑥, 𝑦, 𝑧) = + ,-./0/ 𝛻2- + 𝑖𝑘6𝛥𝑛(𝑥, 𝑦)9 𝜓(𝑥, 𝑦, 𝑧), where 𝜓(𝑥, 𝑦, 𝑧) is the envelope 
of the electric field 𝐸(𝑥, 𝑦, 𝑧). The optically-induced refractive-index profile 𝛥𝑛(𝑥, 𝑦) 
across the lattice acts as an effective potential for the light field. 𝑘6 is the free-space 
wave number, and 𝑛6  is the bulk refractive index. Under the tight binding 
approximation, the continuous Schrodinger equation can be replaced by a discrete one 
describing the coupling between the individual lattice sites. By Fourier transforming 
the tight-binding Hamiltonian into k-space, one can obtain:  
𝐻. = 2𝑡 > 0 cos𝑘C cos𝑘-cos𝑘C 0 cos𝑘Dcos𝑘- cos𝑘D 0 E                     (1) 
where 𝑡 is the hopping amplitude (or coupling constant) for the nearest-neighbor site. 
The wave vectors are 𝑘0 = 𝒌 ⋅ 𝜶0, and 𝜶0 is illustrated in Fig. 1(a). Then, we can 
obtain the eigenvalues of 𝐻., as the energy spectrum with three bands: 	 𝐸C = −2𝑡 	𝐸-,D = 𝑡K1 ± N4(cos-𝑘C + cos-𝑘- + cos-𝑘D) − 3Q .     (2) 
As seen from Eq. (2), the lattice supports three energy bands - two dispersive (E2,3) 
bands and one flat band (E1) in the bottom [Fig. 1(b)]. The two dispersive bands 
intersect at two inequivalent Dirac points described by a linear dispersion relation 
similar to that of the honeycomb lattices [42, 43]. The second dispersive band touches 
the bottom FB at the center of the first Brillouin zone. In FB lattices, one can always 
find a set of CLSs as degenerate eigenstates, whose energy is the same no matter where 
they are located in the lattices. A fundamental CLS (ring mode) [19, 44] of the Kagome 
lattice is illustrated by the red dashed hexagon in Fig. 1(a), where the wave amplitude 
remains nonzero only at the six lattice sites. Other kinds of CLSs can be constructed by 
various linear superposition of the fundamental CLS [14, 15, 18, 19]. However, for the 
Kagome lattice, it was shown that the CLSs cannot span the flat band completely 
because one can always find a linear combination of CLSs that vanishes [29]. The 
missing states were found to be the NLSs, which exhibit novel topology on a torus 
geometry in real space [Fig. 1(d)] although the system is topologically trivial in 
momentum space. Recently, it has been shown rigorously in theory that the NLSs exist 
in a flat band because the Bloch wave function of the flat band is discontinuous at the 
band crossing point in general [38]. 
Since a torus geometry is hard to be fabricated experimentally, a natural question 
is whether the line states should exist in a truncated Kagome lattice under appropriate 
open boundaries (as for the Lieb lattice [22]). Therefore, we shall consider the FB 
model in photonic Kagome lattices with open boundaries. A torus representing an 
infinite system can be terminated into a semi-infinite system with four different edges 
(terminated in x-direction including zigzag edge and zigzag-armchair edge, and in y-
direction including flat edge and armchair edge). The termination of the Kagome lattice 
causes the non-contractible loop to break into a line. As typical examples, we consider 
two cases here: the zigzag-armchair edges for the line oriented in x-direction [Figs. 
1(e1)] and the armchair edges for the line tilted in y-direction [Fig.1(e2)], both of which 
satisfy the destructive interference condition similar to the case of a finite Lieb lattice 
[22]. Furthermore, by cutting the torus in both toroidal and poloidal directions along 
the non-contractible loops, it can be unfolded into a 2D plane with localized modes 
along its boundary as shown in Figs. 1(f1) and 1(f2), which enables the generation of 
the RBMs due to bulk-boundary correspondence [38]. Importantly, we shall establish a 
Corbino-geometry of the Kagome lattice to directly observe the NLS in experiment.  
We perform a series of experiments starting with cw-laser-writing of finite-sized 
Kagome lattices with different edges using the technique established already for 
photonic Lieb lattices [22]. The principle of the technique is essentially site-to-site 
optical induction in a bulk photorefractive nonlinear crystal (SBN, with dimensions 
5×10×5mm3). Although the physical mechanism for refractive index change is quite 
different, the writing method used here is similar to the one with femtosecond laser 
writing waveguides in glass [45, 46]. A cw laser beam (λ=532nm) is used to illuminate 
a spatial light modulator (SLM), which can control the amplitude and phase of the 
writing beam with reconfigurable input positions. After the SLM, a 4F system is used 
to guarantee a quasi-nondiffracting zone of the writing beam as it propagates through 
the biased SBN crystal. Because of the noninstantaneous self-focusing photorefractive 
nonlinearity, all waveguides remain intact during the one-by-one writing process. To 
visualize the induced Kagome lattices experimentally, we illuminate a weak 
extraordinarily polarized quasi-plane wave to probe the waveguide array after writing. 
At the back facet of the crystal, we see that the otherwise uniform probe beam becomes 
discretely guided into the lattice sites, indicating the desired Kagome lattice structure 
has been established [Figs. 2(a, b)].  
Then, we examine the line state formation by illuminating the lattice with a line-
shaped probe beam with nearly uniform amplitude [Fig. 2(c1)]. The output after exiting 
the lattice is shown in Figs. 2(c2-c3), for the lattice termination with (left-right) zigzag-
armchair edges as illustrated in Fig.1(e1) and experimentally obtained in Fig. 2(a). 
Apparently, with opposite phase between adjacent sites, the line beam can preserve 
after 10mm (about 1.5 coupling length) of propagation through the lattice [Fig. 2(c2)]. 
For comparison, when adjacent sites are in-phase, the line beam exhibits diffraction in 
orthogonal direction and cannot remain localized [Fig. 2(c3)]. These observations agree 
well with the numerical simulation results based on the coupled mode theory [Fig. 2(d1) 
and Fig. 2(d3)]. However, to show the stability of any localized state, we perform 
further simulations to a distance much longer than what we can achieve in experiment. 
Surprisingly, simulation results obtained under the tight-binding condition show clearly 
that, after a longer propagation distance [e.g., 40mm, as shown in Fig. 2(d2)], the line 
beam cannot preserve its shape as energy leaks to nearby sites close to the two edges. 
Likewise, for the lattice termination with (top-bottom) armchair edges as illustrated in 
Fig.1(e2) and obtained in Fig. 2(b), the experimental results are similar [Figs. 2(e1-e3)] 
– phase sensitive and seemly localized for the out-of-phase case; but simulation to 
longer distances shows that the line state is not preserved. This is in sharp contrast with 
the case of Lieb lattices, in which a line state remains localized in finite lattices 
terminated appropriately [22], making one wonder if the line state is truly an eigenstate 
of the finite Kagome lattices.  
To clarify this issue, let us analyze the line state for the Kagome lattices of Fig. 2(a). 
As illustrated in Fig. 3(a), the line beam occupies only B and C sites, and it can be 
described by |𝜓ST〉 = 𝑐6(|B1〉 − |C1〉 + |B-〉 − |C-〉 + |B3〉 − |CD〉 + |BW〉) ,         
where c0 is a normalization constant. Applying the tight-binding Hamiltonian to this 
line state, we have 𝐻.|𝜓ST〉 = 𝑐6𝑡(−|B1〉 + 2|C1〉 − 2|B-〉 + 2|C-〉 − 2|B3〉 +2|CD〉 − |BW〉) ≠ |𝜓ST〉,	where we have considered only non-vanishing terms. From this 
simple calculation, one can see that |𝜓ST〉  is not an eigenmode of the terminated 
Kagome lattice (open boundary condition) because we obtain different coefficients at 
two ending sites (B1 and B4) compared with the bulk sites (C1, B2, C2, B3, and C3). If 
the periodic boundary condition is assumed, identifying B1 and B4, |𝜓ST〉 can become 
an eigenmode. Actually, one can determine whether the line state can be an eigenmode 
or not from the configuration of the NLS. For the Lieb lattice [22], there is a zero-
amplitude site between neighboring sites of the NLS [see Fig. 3(b)]. As such, if we 
make an open boundary from the torus geometry along a line passing through the sites 
with the zero amplitude, the line state obtained by cutting the NLS at this boundary 
becomes an eigenmode of the truncated Lieb lattice, so long the lattice boundary 
consists of dangling sites (or bearded edges). However, in the case of the Kagome 
lattice, its NLS has non-vanishing amplitudes at all sites along the non-contractible loop. 
This means that the NLS of the periodic Kagome lattice satisfies the eigenvalue 
equation by exchanging its amplitudes at the neighboring sites through the hopping 
process, unlike the case of the Lieb lattice. Therefore, the line state obtained by cutting 
the NLS cannot be an eigenstate of the Kagome system with an open boundary as it 
eliminates one of the hopping processes. To overcome such an open boundary condition 
issue, one could design a decorated boundary in the Kagome lattice. For instance, by 
attaching two additional dangling sites at the boundary [denoted by L1,2 and R1,2 in Fig. 
3(c)], the line state can become an eigenstate provided that the hopping parameter for 
the “dashed bond” is 3 times larger but of opposite sign with respect to that of the “solid 
bond” at the boundary. This can be readily shown by applying the nearest-neighbor 
Hamiltonian to the initial state in Fig. 3(c), which now is described by |𝜓6〉 =𝑐6(|𝐿C〉 + |𝐿-〉 − |𝐵C〉 + |𝐶C〉 − |𝐵-〉 + |𝐶-〉 − |𝐵D〉 + |𝐶D〉 − |𝐵W〉 + |𝑅C〉 + |𝑅-〉) with 
the hopping parameters chosen for Fig. 3(c). Nevertheless, such decorated boundaries 
with specified hopping between sites are difficult to achieve in experiment.  
   Now that we have shown the line states cannot persist in a finite Kagome lattice in 
general unless the boundaries are carefully engineered, we shall take two alternative 
ways to demonstrate the NLSs: one is the RBMs spanning the whole boundary of the 
finite lattice, as proved already in Ref. [38], observing the RBMs is equivalent to 
observing the NLSs; the other is to use a Kagome lattice in Corbino-geometry for direct 
observation of the NLSs. Typical experimental and simulation results for the RBMs are 
presented in Fig. 4, corresponding to the two cases illustrated in Fig. 1(f1) and Fig. 
1(f2), replotted in Fig. 4(a) where we shall call the orange line RBM1 and the blue line 
RBM2. Figure 4(b) is the written Kagome lattice with a lattice spacing of about 34µm. 
The RBM1 can be considered as a combination of four NLSs by cutting the torus in 
both toroidal and poloidal directions [38]. To observe this boundary mode, an input 
probe beam is shaped into a necklace of parallelogram shape, with its phase modulated 
by an SLM so that adjacent sites have opposite phase. When such a probe beam is 
launched into the lattice boundary, we see clearly the probe beam preserves after 
passing through the lattice [Fig. 4(d1)]. For comparison, the necklace deteriorates if the 
neighboring sites are in-phase [Fig. 4(d2)], as the energy of the boundary mode couples 
into other sites out of the loop. The RBM2 can be regarded as a linear superposition of 
RBM1 and a fundamental CLS shown in Fig. 1(a), so there are two defect sites with 
respect to RBM1 but the loop remains unbroken. Clearly, RBM2 can also be retained 
after 10-mm transmission through the lattice with the out-of-phase condition [Fig. 
4(e1)], but not with the in-phase condition [Fig. 4(e2)].  
As necessary, we perform numerical simulations for longer propagation distances 
to further corroborate the experimental results. We show in Fig. 4 only results from 
simulation for RBM2 (as results for RBM1 lead to similar conclusion) with parameters 
from experimental conditions, except for a much longer propagation distance (40 mm). 
These simulation results show clearly that the RBM remains intact even after a long 
propagation distance under the out-of-phase condition [Fig. 4(f1)] but becomes strongly 
distorted under the in-phase condition [Fig. 4(f2)], in excellent agreement with 
experimental observations. Moreover, as the RBM manifests the realization of the NLS, 
it is robust against perturbation and even possesses self-healing feature during 
propagation. In the right panels of Fig. 4, an example is shown for the RBM1, where a 
phase perturbation (about 25%) is added to one “pearl” of the necklace. After 
propagating through the lattice, the defect site restores to form a complete boundary 
mode [Figs. 4(g, h)], which recovers fully for a long-distance transmission (40mm) 
through the lattice [Fig. 4(i)].  
 Finally, we design and establish the Corbino-geometry of the photonic Kagome 
lattice to directly observe the NLS. As illustrated in Fig. 5(a), with this lattice geometry, 
one can realize the NLS along the toroidal direction, akin to an infinite system in one 
dimension. For the Corbino-geometry, the distances between B and C sublattices are 
equivalent over each ring and increase with the ring diameter (here we use 𝐵C𝐶C =𝐶C𝐵- = 32µm); the distances between A and B (C) sublattices are also equal but these 
distances within and outside the ring are not dependent (here we use	𝐴C𝐶C = 𝐴C𝐵C =41µm, and 𝐴W𝐶C = 𝐴W𝐵- = 32µm). We generate such a Corbino-shaped Kagome 
lattice with site-by-site laser writing in the nonlinear crystal, and a typical written lattice 
is shown in Fig. 5(b). Then, we launch a ring-shaped necklace pattern under out-of-
phase condition to excite the NLS depicted in Fig. 5(a). Corresponding experimental 
results are shown in Fig. 5(c1), where one can clearly see that the necklace beam 
remains intact after 10mm of propagation, as verified by numerical simulations to even 
longer propagation [Figs. 5(c2, c3)]. For comparison, if the input necklace beam does 
not have the required alternating phase, it is strongly distorted during propagation [Figs. 
5(d1-d3)] since such an input cannot evolve into the NLS. The results in Fig. 5c 
represent a direct demonstration of the NLS originally proposed for the infinite system 
as the FB eigenstate.  
In conclusion, we have demonstrated for the first time to our knowledge the RBMs 
and the NLSs in photonic Kagome lattices, which are unique topological entities 
available in FB systems. We showed experimentally and theoretically that the line states 
are not preserved in a finite-sized Kagome lattice since they are not the eigenmodes of 
the system. Instead, we have taken two alternative approaches to observe an NLS: one 
is to realize the boundary modes spanning the whole boundary of the finite lattice, 
which are robust during propagation and exhibit self-healing features, as an indirect 
realization of the NLS in the finite system; and the other is to achieve direct observation 
of the NLS in the Corbino-geometry, which hosts the NLS along the toroidal direction. 
These results are essentially different from those obtained from the Lieb lattices. In fact, 
since the Lieb lattice represents a bipartite lattice known for the FB ferrimagnetism at 
half filling while the Kagome lattice serves as an example of a line graph known for the 
FB ferromagnetism, the fundamental difference between FB ferrimagnetism and 
ferromagnetism might be visible via the existence or absence of the line states in a finite 
system. Thus, our work may bring about insights for understanding of these closely 
related phenomena as well as other intriguing fundamental physics applicable for 
strongly interacting systems using a convenient photonic platform. 
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FIG. 1: (a) Schematic of a Kagome lattice, where the black dashed hexagon marks a 
unit cell with three sublattice sites labeled A, B, and C and a set of lattice vectors 
denoted an	(n=1,2,3) and the red dashed hexagon represents a simplest CLS. (b) Band 
structure in the tight-binding approximation. (c) Illustration of two NLSs in an infinitely 
extended Kagome lattice. (d) A torus showing two NLSs mimicking the 2D infinite 
lattice. (e1, e2) Illustration of line state excitations in finite-sized Kagome lattices with 
(e1) zigzag-armchair edges at left/right and (e2) armchair edges at top/bottom. (f1, f2) 
Illustration of two robust boundary modes (orange: RBM1; blue: RBM2) in Kagome 
lattices with flat cutting edges. In all figures, black sites are of zero-amplitude, while 
blue and red ones distinguish non-zero sites with opposite phase.  
 
 
 
  
 
 
FIG. 2: Experimental realization of finite-sized Kagome lattices with different edges 
and line state excitation. (a, b) Laser-writing lattices with zigzag-armchair edges located 
in left and right sides (a) and armchair edges located in top and bottom sides (b), where 
the white dashed rectangle marks the position of the probing line beam, and the inset in 
(a) shows discrete diffraction from probing just a single site (marked by the dashed 
circle) by a Gaussian beam. (c1-c3) Experimental results of the line beam taken at input 
(c1), and output under out-of-phase (c2) and in-phase (c3) conditions. (d1, d3) 
Numerical simulations corresponding to (c2, c3) at 10mm propagation, respectively, 
and (d2) shows diffraction from the ends of the line state after a longer propagation 
distance of 40mm. (e1-e3) Similar to (c1-c3) but for the excitation corresponding to (b). 
For lattices in (a) and (b), the nearest neighbor spacing is about 34μm.  
  
 
 
 
 
 
 
 
 
 
 
 
FIG. 3: Comparison of line states in finite-sized Kagome and Lieb lattices. (a) A 
Kagome lattice with zigzag-armchair edges. (b) A Lieb lattice with bearded edges. (c) 
A Kagome lattice with decorated boundary formed by attaching two dangling sites at 
each edge site (denoted by L and R), for which the hopping parameters are given by t	
for black sold lines, -3t/2 for black dashed lines, and t/2 for red solid lines. Color 
mapping for all sites is the same as for Fig. 1. 
 
 
 
 
 
 
 
  
 
 
 
 
FIG. 4: Realization of RBMs in finite-sized Kagome lattices with flat cutting edges. (a) 
Illustration of the Kagome lattice and two robust boundary modes (orange: RBM1; 
blue: RBM2). (b, c) The Kagome lattice obtained from (b) experiment and (c) 
simulation. (d1, d2) Experimental results of the RBM1 under (d1) out-of-phase and (d2) 
in-phase conditions. (e1, e2) Corresponding results of the RBM2. (f1, f2) Simulation 
results corresponding to (e1, e2) but for a much longer propagation distance (40 mm). 
(g-i) Excitation of the RBM1 with imperfect input phase (25% perturbation is 
introduced in the defect site circled by dashed line), where (g) is from experiment and 
(h, i) from simulations at (h) 10mm and (i) 40mm.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 5: Realization of non-contractible loop states in finite-sized Kagome lattices in a 
Corbino-geometry. (a) Schematic diagram of the Corbino-shaped Kagome lattice, 
where the NLS is illustrated by the orange circle. (b) Experimentally obtained lattice 
corresponding to (a) by laser-writing. (c1-c3) The NLS observed in (c1) experiment 
and (c2, c3) simulations at propagation distance of (c2) 10mm and (c3) 40mm under 
out-of-phase condition. (d1-d3) Corresponding results under in-phase condition. All 
insets are from input ring necklace of the probe beam.  
 
